0\ ; GROMOV-WITTEN INVARIANTS OF THE MODULI OF BUNDLES ON 
§^ : A SURFACE 

Q ■ VICENTE MUNOZ 

o' 

; October, 1999 

(N 



< 



in 

o 



S 



1. Introduction 



Let S = Eg be a compact Riemann surface of genus g > 2 and let M^ stand for the 
moduli space of rank two stable vector bundles on S with odd (and fixed) determinant. 
In [5] the author produced a presentation for the quantum cohomology ring QH*{My) in 
terms of its natural generators by giving the relations satisfied by them. Here we want to 
show that this information yields all the multiple-point Gromov-Witten invariants on the 
generators, or which is equivalent, all 3-point Gromov-Witten invariants on the elements 
^ ■ which are quantum products of the generators. 

On the other hand consider the (instanton) Floer cohomology HF*{Y) of the three- 
manifold y = S X §1 endowed with the 50(3)-bundle with W2 = P.D.[§i] G H^{Y;Z/2Z), 
which is determined in [4]. We show that the ring structure of HF*(Y) yields the Donaldson 
Q"^ , invariants Wg of the algebraic surface 5 = S x P^, for Kahler metrics whose period point is 

^^ I close enough to S in the Kahler cone, [/(2)-bundles whose first Chern class Ci G H^{S,Z,) 

,^ ' satisfies Ci • S = 1 (mod 2), and on any collection of homology classes coming from S C 5. 

C^ ' Moreover the isomorphism QH*(M^) = HF*{T, x S^) gives an equality between these 

P^ . Donaldson invariants of S and the multiple-point Gromov-Witten invariants of M^ on the 

^ I generators. 

S^ . What the quantum cohomology QH*(AI^) does not give is the 3-point Gromov-Witten 

invariants on arbitrary homology classes (i.e. on the elements which are cup products of the 
generators) . This is equivalent to knowing the quantum product of two arbitrary homology 
classes, and hence to knowing all the multiple-point Gromov-Witten invariants on homology 
classes. Again another equivalent formulation to this problem is to obtain the (just vector 
space) isomorphism 

QH*{M^)^H*{M^). 

For the case g = 2 this problem is settled in [1]. Here we deal with the case g = 3. For this 
it proves necessary to write down all 3-point Gromov-Witten invariants of degree 1, which 
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2 VICENTE MUNOZ 

are computed thanks to the results in [5, section 3] and moreover we need two particular 
Gromov-Witten invariants of degree 2, for which we use the results of [2]. 

This may be viewed as an indication that (a presentation of) the quantum cohomology 
ring of a symplectic manifold has less information than the full collection of Gromov-Witten 
invariants. 

Acknowledgements: The author would like to thank Sharad Agnihotri and Marcos Marino 
for asking him to clarify these questions. 

2. Multiple-point Gromov-Witten invariants of Me 
The general reference for this section is [5]. 

Generators of the cohomology of M^. Consider a symplectic basis {71,... ,729} of 
Hi{T,;7j). Also x G Hq{T,;Z) will stand for the class of the point. The /i-map provide 
natural generators a = 2fi{T.) G H'^{M^), ip, = /i(7i) G H^{M^), 1 < i < 2g, and (3 = 
— 4/i(x) G H^{My_) of the cohomology ring H*{M^). We also put 

A(S) = Sym*(i?o(S) © H^{T.)) ® K*H,{T.) ^ C[a, /3] ^ A*(V'i, . . . , ^2^), 

with grading dega = 2, degV'i = 3 and deg/5 = 4. So a basic element of A(S) is of the form 
z = a"-l3''ipi^ • • • ipi^, a,b > 0, I < ii < • • • < ir < 2g. The cohomology class corresponding 
to z under the obvious epimorphism tth ■ A(S) -^ H*{M^) will be denoted by 

aaM^^ U • • • U V'j, = aU itX Ua U /3U .^^l U/3 U 7/;,^ U • • • U V'j, , 

and leave the notation with exponents for the quantum product (note that we cannot 
suppress the subindices a and/or b when they are 1). 

The action of the mapping class group of S yields an action of the symplectic group 
Sp(25(,Z) on {V'i} and the invariant part H*{My,)i of H*{M^) is generated by a, (3 and 

7 = -2EL1 ^j U V'g+j- Also we denote UaPblc = aU i":\ Ua U /3U ^^X U/3 U 7U X\ U7 for a 
typical cohomology class in H*{M^)j. 

Gromov-Witten invariants of M^. Let A denote the positive generator of tt2{M^) = 
H2{M^;Z), i.e. a[A] = 1. Fix d > and r > 3 and let Zi G Hp^{M^), 1 < i < r, he 
homogeneous homology classes. The r-point Gromov-Witten invariant ^^^(zi,... , Zr) is 
defined to be zero ii pi + - ■ ■+Pr 7^ 6g — 6 + 4d, and in the following manner if pi + - ■ ■+pr = 
6g — 6 + Ad. Consider r different points Pi , . . . , Pr G P^ and represent the Poincare duals 
of Zi by generic cycles V^^ C M^. Then 

*^-(zi, . . . , z,) = #{/ : pi ^ Msl/ is holomorphic, /.[P^] = dA, f{P,) G K., 1 < i < r} 

where # denotes count with signs. This is well-defined in appropriate circumstances [5]. We 
also put ^^^ = J2d>o ^dA a^d extend the definition to non-homogeneous Zi multi-linearly. 



GROMOV-WITTEN INVARIANTS OF THE MODULI OF BUNDLES ON A SURFACE 3 

Quantum cohomology of M^. The quantum cohomology QH*{My) is H*{My) as a 
vector space (so they are identified by the identity map), but the ring structure of QH*{M^), 
the quantum multipHcation, is a deformation of the usual cup product for H*{Ms), and it 
is graded only modulo 4. It is defined as follows. Let r > 2 be any integer. For cohomology 
classes z^ € H*{M^), 1 < i < r, the quantum product of these classes is Zi ■■■ Zr ^ H*(M^) 
defined by 

{Zi---Zr,Zr+i) = *^^(Zi,... ,Zr,Zr+l), for auy Zr+1 € H*{M^). 

Obviously, the 3-point Gromov-Witten invariant completely determines the quantum 
product. Therefore the 3-point Gromov-Witten invariant determines the multiple-point 
Gromov-Witten invariant by the simple formula 

^^^-(Zl,... ,Zr)=^''Hz„Z2,Z3---Zr), 

for any Zi, . . . ,Zr G H*{My) homology classes, r > 3. 

The ring QH*{M^) is generated by a, (3 and ^pi, 1 < i < 2g. So there is an epimorphism 
ttqh : A(E) -^ QH*{M^). The typical quantum product is denoted as 

a'^P''^,^ ■■■ip,^ = a ■■■ af3 ■■■ Pip,^ ■■■ipt^- 

Multiple-point Gromov-Witten invariant on generators. We define the multiple- 
point Gromov- Witten invariant of My, on generators in the following way. For any z = 

a'^/3V^l • • • V'^. gA(S), put 



Ms 



then extend by linearity. Another way to say this is for z G A(S), ^ ^(z) = {tiqh z 
where {■)my. '■ H*{My) ^ C is the pairing with the volume class. Note that ^*^^ is 
invariant under the action of Sp {2g, Z), so it is determined by its effect on invariant elements 
z G A(S)/. For 5 > 3, 7 = -2X;f=i V'^V'ff+i e QH*{My), by [5, lemma 14], so for z = 
c^apb^ G A(S) we have 

§Ms (^) ^ ^M-(a, .(?)., a, /3, .(^l, /3, 7, .<?)., 7). 

^^^ determines the quantum cohomology QH*{My). Actually QH*{My) = A(S)/I, 
for an ideal / C A(S) of relations. Then I = {R e A(E)|§*='^(i?z) = 0, Vz G A(E)}. The 
following result is a converse of this. 

Proposition 1. The quantum cohomology of M^ and the value of (7g-i)Ms = 2^^^^! 
determines the multiple-point Gromov-Witten invariant on generators ^>^^. 

Proof. Let z G A(S). As ^>^^ (z) is invariant under the action of Sp {2g, Z), we may project 
z to the invariant part A(S)/ C A(S), i.e. we may suppose that z is invariant. A basis 
for QH*{My)i is a°/3^7^, a + b + c < g, hy [5, section 5]. This means that z = R + 
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J2 Cabc(y.°'(i^l^-, for some numbers Cabc G C and a relation R G A(S)7 for QH*{M^)i. By 

a+b+c<g 

definition of relation we have that §*^^(i?) = 0. Also ^^^{a''(3''Y) = 0, for a + 6 + c < 5 
and (a, 6, c) / (0, 0, 5 — 1), since in that case deg(a''/3''7'^) = 2a + 46 + 6c < 6g — 6. Hence 

^''^(^) = Co.o.s-i^'^^It^"')- Finally the value of §^-(79-1) = (7^_i, [M^]) = (7s-i)m. = 
2S-I5!, by [7]. D 

Let Zi = a'^'(3'''tpi_j^, . . . ,ipij^. , i E /, be a collection of elements of A(S) such that Bh = 
{iTHZi}ii=i is a basis for H*{My,). Then Bqh = {T^QH^i^iei will be a basis for QH*{M^). 
The following statements are equivalent 

(1) We have a presentation of QH*{My)-, i.e. we know the ideal / C A(S) such that 
QH*{M^)=A{E)/I. 

(2) We know how to compute \l'*^^(z), for any z € A(S). 

(3) We know the 3-point Gromov-Witten invariant on quantum products of the gener- 
ators, i.e. ^'^'^{TrQHZ,,TTQHZj,TTQHZk), for ah i,j,k G /. 

(4) We know the coefficients c^tj such that TTgnZi ttqhZj = J2k Cijk'^QnZk, for i,j G I. 

The equivalence of 1 and 2 is proposition 1. The equivalence of 2 and 3 follows from 
^^^{'^QHZi.,TTQHZj,TTQHZk) = ^^^{ziZjZk)- The equivalence of 3 and 4 follows from the 
definition (using the intersection pairing). The statement 1 is true because of [5], so the 
other three follow, meaning at least that we can perform all computations for any fixed 
genus g by hand or with a computer. 

A full knowledge of the Gromov-Witten invariants requires to know the 3-point Gromov- 
Witten invariants on homology classes TTnZi = aaiPbiipi.ji U • • • U ipij^. , i (z I. The following 
statements are equivalent 

(1) We know the 3-point Gromov-Witten invariant on arbitrary homology classes, i.e. 
'^^^^{TrHZ^,-KHZj,7rHZk), for any i,j,k G /. 

(2) We know the coefficients d^fe such that TTnZi tthZj = J2k dijkT^nZk, for any i,j G /. 

(3) We know the isomorphism H*{M^) ^ QH*{M-s) in terms of the basis Bh and Bqh, 
respectively. 

The equivalence of 1 and 2 is obvious using the intersection pairing. If we have 3 then 2 
follows by translating the point 4 above (which we already have) through the isomorphism. 
Conversely, if we have 2 we may quantum multiply the generators a, [3 and i^i, 1 < i < 2g, 
repeteadly until we get any TignZi in terms of the basis Bh- All this information is stronger 
than a presentation of the quantum cohomology ring, as we shall see in the example of 
section 4. 

3. Donaldson invariants of S* = S x P^ 
The general reference for this section is [4]. 
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Donaldson invariants of S. Consider the algebraic surface S" = S x P^. In particular S 
is a smooth 4-manifold with bi = 2g and 6+ = 1. The Donaldson invariants of S depend 
on a metric as explained in [3]. The Kahler cone of S" is /C = {aS + 6P^|a, 6 > 0} C H'^{S). 
We set A{S) = Sym*{Ho{S) i?2(5')) A*Hi{S), which is graded giving degree 4 - i to 
the classes in Hi{S). The class of the point will be denoted by x € Hq{S). The Donaldson 
invariants are linear functionals 

Z?^^^ : A{S) ^ C, 

depending on the first Chern class Ci G H^{S;Z) of the C/(2)-bundles involved, and on a 
(generic) polarisation H ^ K,. 

We shall consider only polarisations close to S, i.e. H = Ti + eP^, with e > small (how 
small depending on the degree of the element on which we are computing the Donaldson 
invariants). So D'g shall stand for D'gu with such polarisation H. Also we only consider 
the cases with Ci • S odd. As D''i+'^" = (-1)"'l>^^ = D^i, for a G H'^{S; Z), we may suppose 
that Ci = P^ or Ci = P^ + S. If Ci = P^ then L)g is non-zero only on elements of degree 
6g — 6 + 4:d, d > even. If Ci = P^ + S then D'g is non-zero only on elements of degree 
6g — 6 + 4:d, d > odd. We collect all these invariants together by putting w = ¥^ and 

A basic element z € A(S') is of the form z = S"x''7i^ • • • 7i^(P^)^. We restrict to classes 
coming from T, C S, i.e. z € A(S) C A(S). Therefore e = and z = S"x''7i^ • • • 7i^. As in 
section 2 we identify A(S) = C[a,/3] A*(^i, . . . ,ip2g) by a = 2S, (3 = —Ax and ^pi = 7^, 
1 < i < 2g. Also we let 7 = — 2X] tpi^Pg+i- 

Floer cohomology of E x S^. Consider the three-manifold y = S x S^ and let HF*(Y) 
stand for its (instanton) Floer cohomology endowed with the S'0(3)-bundle with W2 = 
P.D.[§^]. By the analysis in [4], HF*(Y) is generated by a, f3, ipi, 1 < i < 2g, coming from 
the relative Donaldson invariants for S x D^ of 2S, —4x, 7i, 1 < ? < 2g, respectively. 

There is an evaluation map [4, corollary 19] {■)g : HF*{Y) -^ C with the property that 
for any z = a°'(3^'ipi^ ■ ■ ■ tpi^ G A(S), we have 

Dp'^Hz) = D(r'^)((2S)"(-4x)S, •••7.J = (a"/3V., •••V..)„ 

The Donaldson invariants Dg' determine the Floer homology since HF*(Y) = A(S)/J 
and J = {R G A(S)|Z)g ' (R^) = 0, Vz G A(S)}. The following result is a converse of this. 

Proposition 2. The Floer cohomology ofY = 'ExS^ and the value Dg{'-f^^^) = —2^^^g\ 
determine the Donaldson invariants Dg' (z), for any z G A(S). 

Proof. The argument is similar to that of proposition 1. We may take z G A(S) invariant 
under Sp{2g,'Z). A vector basis of HF*(Y)j is a°/3''7'^, a + b + c < g, hj [4]. Then z = 
R+ J2 Cabc(x'^f3''j'^, for some Cabc G C and R G A(S)/ which is a relation for HF*{Y)j. 

a+b+c<g 
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Then Z)^"''^^(i?) = and D^s'"'^\a''p''Y) = 0, for a + 6 + c < 5 and ia,b,c) ^ (0,0,5 - 1), 
since in that case deg(a"/3''7^) = 2a + 46 + 6c < 65 — 6 and there is no moduli space of 
ASD connections of dimension smaller than Qg — 6. Hence Dg' (z) = 00.0,9-1-0^(7^"^) = 
-Co,o,3-i(7s-i,[Ms]). D 

Theorem 3. Suppose that g > 3. Then for any z = a°'f3''7pi^ ■ ■ ■ ipi^ G A(S) with degz = 
6(7 — 6 + Ad, d > 0, we have 

^f/(a, .(?).,«, /3,W.,/3,V'.,,...,V'.J = (-ir+'4"''''^((2S)'^(-4x)S,---7v)- 

Proof. By [5, corollary 21], for any 5 > 3 there is an isomorphism QH*{M^) ^ HF*{Y), 
(a, /3, ^i) 1-^ {e^^a,e'^^P,£^^'ipi), where e is a primitive eighth root of unity. As 1)^(7^"^) = 
—q/Msf^^g-i-^ the result follows easily. D 

Corollary 4. Suppose that g > A. Then for any z = a"/?^^^^ • • • ipi^ € A(S) with degz = 
6{g — 1) — 6 + Ad, d > 0, we have 

^^"« (7, a, .(?). , a, /3, .W , A V'n , • • • , V'^J = (-1)'25^S'-^ (a, .(?)., a, /3, .W, /3, V'., , . . . , V'..^ 

Proof. By [4, corollary 19] it is D^^^fl,{jz) = 2gD^^f^\p,{z), for any z G A(S). Then the 
result follows from theorem 3. D 

Generating function. Proposition 2 can be used for a given genus g to effectively compute 
the Donaldson invariants Dg' on homology classes coming from S C 5. For this, we 
collect the Donaldson invariants into a generating function as follows (we only need the 
invariant part) 

n\ jj(i"X) ^ sa+X/S+r-yx _ / sa+X/S+r-yx 

Every relation i?(a,/3, 7) for HF*(Y)j gives a differential equation -R(^)^)^) satisfied 
by (1). Actually (1) is the only solution F{s, A, r) to all these differential equations satisfying 
the initial conditions 



1+6+ 



) a?^aA5^L=A=r=o = 0, a + 6 + c < 5, (a,6,c) ^ (0,0,5-1) 

] OfllFI = _29-iol 

9-1 

The decomposition HF*{Y)i = Rg,, in [4, section 7] may be useful for finding 

r=-(g-l) 

F{s,X,r). The map {■)g : HF*{Y)j -^ C yields maps {■)g.r ■ Rg,r -^ C such that {■)g = 
9-1 
J2 {')g.r- Now let ^r = i^^""^^^^^^) g,r ■ Thcu the rclatious for Rg ^ give the differential 

r=-(g-l) 

equations satisfied by every $r and Dg' '(^^sa+xp+r-f^^ _ ^^<j)^_ 
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Example 5. Let the genus g = 2. By [4, example 22] 



(a-4,/3 + 8,7) (a2,/3-8,7 + 16a) (a + 4,/3 + 8,7) ' 

Associated to R2-1 we have the differential equations ^ — 4, ^ + 8 and ^, whose solution 
is a multiple of e^"^'^^. For i?2,o we have the differential equations ^) ^ — 8 and ^ + 16^, 
whose solutions are linear combinations of e*''' and (16r — s)e^^. Finally for i?2.i we get 
g_4.-8A_ rpj^gj^ ^(»,s)^g,„+A/3+r7) jg g, linear combination of e"*""*^, e^^, (16r - s)e^^ and 
g-4s-8A_ Putting the initial conditions one gets that 

D^^^''\e'''+^''+^'') = -— sinh4se-«^ - hl6r - s)e'\ 

Example 6. In the case of genus g = 3we use the decomposition in [4, example 23] to obtain 
that 

^(»,s). ,„+A/3+r7) = ^ COS 8se*^^ + —cosh 4se-*^^ 
^ ^ ^ 2048 128 

1 / 49 1 3 \ 

(s sinh 4s - 4A cosh 4s + 12r sinh4s)e"^^ AH (16r - s)^ + A^ e^^ 

32^ ^ V2048 4 64^ 'J 



This agrees with [6, formula (5.16)]. 



Examples 5 and 6 agree with the fact that j-^D^^-^l,{e'°'+^'^+''"') = (7e""+^'^+^'')£ 



2g{e''°'+^P+'-^)g_^ = 2gD^^^'^^^^p,{e''°'+^^+'"-'). Note also that by theorem 3, 

^ ' \ _Z)(-^^)(e-"+A/3+r7) g even 

4. Gromov-Witten invariants in the case 5 = 3 

In this section we shall compute all the Gromov-Witten invariants for the moduli space 
Ms of rank 2 odd degree (and fixed determinant) stable bundles over the Riemann surface 
of genus (7 = 3. The dimension of M^ is dimM^ = 65 — 6 = 12 and its cohomology ring is 
written in [5, proposition 1] to be 

(2) H*{M^) = ^M4 e (h- ^ ^M4) © (^IH^ - ^^"'^'^^ 



{QhQi,Q3) V {q2,qlq2)J V {qhqlqi 

where H^ = (Vi, • • • , V'e) = ^i(S), AlH^ = {A Ui^,\l<i<j< 6,j / i + 3) (Vi U ^4 
ip2 U V's, V'l U V4 - V's U ipe) and 

ql = a, ql = a2 + P, ^3 = «3 + 5ai/3i + 47, 

ql = P, ql = ai/3i + 7, ql = «2/?i + P2 + jiiai, 

ql = 7, 92 = 7iai, ql = 7i«2 + 7iA- 
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The quantum cohomology is [5, theorem 20] 

(3) QH*{M^)= ZrS l^.. ®[H^ 



[Q^, Q^, Qs 



C[a,/3,7] 



(C^2) V2) V2 



AlH' 



C[a,/3,7] 



where AgiJ^ = (V'j^j|l < « < i < 6,i / i + 3) (V'i^4 - ^2^5, V'i^4 - V'sV'e) and 
Qi = a^ + /? + 8, Qi = q3 + 5a/3 + 47 - 24a, 



Q? = 7, 



a, 



Ql = a(3 + J — 8a, 



Ql 



101, 



Ql = a^p + /?2 + ±ja + 8q2 + 16/? + 64, 

Q3 = ^Q,2 + ^^ + 87. 



We shah determine the isomorphism H*{My) — QH*{My,), which is equivalent to the 
Gromov-Witten invariants by the discussion at the end of section 2. We remark that the 
three pieces of the decompositions (2) and (3) correspond by the proof of [5, proposition 
16]. 

The invariant part. A basis for H*{M^)i is Bh = {1, a,/3, 02,7, ai/3i,/32, ai7i,/3i7i,72} 
and a basis for QH*{My,)i is Bqh = {1, a, /?, 0^,7, a/3, /3^,a7, /37, 7^}. The isomorphism 
H*{M^)i ^ QH*{M^)i is given by 



a^ 


= 02 


+ 


A, 






a(3 


= ai/3i 


+ 


A^a 






P' 


= /32 


+ 


A3I3 + A^a2 


+ 


B, 


aj 


= ai7i 


+ 


^5/3 + Aa2 


+ 


B2 


/?7 


= /3i7i 


+ 


^77 + ^sai/?! 


+ 


Bsa 


7^ 


= 72 


+ 


^97iai + A10P2 


+ 


^402 



+ 55/3 + c 

for constants ^1, . . . , Aiq, Bi, . . . ,B^ and (7, determined by the Gromov-Witten invariants 
of degree 1, 2 and 3, respectively. Now we shall compute these constants. To start with we 
write the top-products from [7] (alternatively we may use (72)me = 24 and the relations for 
H*{M^)i) 



{ci&lM^ = 7-32, (a4/3i)Ms = -64, {02^2) Mj: = 32, (/33)me 

(a37i)Ms = 24, (ai/3i7i)MB = -24 and (72)mb = 24. 



0, 



The Gromov-Witten invariants of degree one. Let us recall the space N given in [5, 
section 3] , which parametrises non-split extensions on E of the form 



0-^L^E^A(E)L- 



0, 



where L is a line bundle of degree zero. Let J be the Jacobian variety parametrising 
line bundles of degree zero on S. The natural isomorphism Hi(T,) = H^{J) associates 
to {7i} a symplectic basis {(j)i\ of H^{J). Put oj = Y^\=i4>i ^ 4>3+i- Then N sits as a 
fibration ¥'^ ^ N = P(f ^) -^ J, where £^ is a rank-3 bundle over N with Chern classes 
Ci = Ci(£) = {4:^/i\)uj\ The cohomology ring of N is generated by the classes <pi G H^(N), 
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1 < i < 6 and the class of the hyperplane h G H^(N). Actually H*{N) is freely generated 
(in a graded sense) subject to the only relation 

h^ + cih^ + C2h + cs = 0. 

(We only use cup-products in H*{N), so we write ipi^ ■ ■ ■ fpi^h^ = (pi^U- ■ ■U(j)i^U hU .^H Uh.) 
There is an action of the mapping class group of S on N, which gives an action of Sp {2g, Z) 
on {(/)j} and the invariant part is generated by lo and h. 

There is a natural map i : N ^ M^. We need to write down how our basis for H*{My,)i 
restrict to H*[N). By [5, equation (12)] a = Ato + h, (3 = h? , ipi = —hcpi, 1 < i < 6, and 
7 = —2Loh? in N (we omit i* as there is no danger of confussion). Therefore 



Q = 


Aijj + h 






/3 = 


h^ 






Q2 = 


IQlo^ + 8cj/i + /i2 




7 = 


-2uh^ 






Ql/?1 


= Aojh^ + /i3 = -Soj'^h - 


f^^ 


/32 = 


h^ = Siu^h^ 


+ fuj'h 




ai7i 


= -Siu^h^ - 


- 2ujh^ = IQuo 


3/l 


/?i7i 


= -2ujh^ = 


-16c^3/j2 




72 = 










Let I G H2{N;Z) be the class of the line in a fibre P^ ^ jv. Then ij = A. The Gromov- 
Witten invariants of degree 1 of A^ and M^ satisfy ^f = ^j^^ by [5, lemma 8]. Moreover the 
Gromov-Witten invariants of A^ are computed as in [5, lemma 10]. Let Zi = Lo"-'h^^ E H*{N), 
I < i < 3, < Gi < 3, < bi < 2. Put a = Oi + 02 + 03 and 6 = 61 + 62 + ^3 and suppose 
2a + 2b = 6g -2 = 16. Then 



^f(zi,Z2,^3) 




(-S 



(6-5)1 



-u; 



6 



(b-5)! 



6> 5 
6< 5 



where X'^^ ^+* = X^+* = ((— 8)Yi!)u;* as in [5, lemma 10]. With this we may find the 
coefficients Ai, . . . , Aiq . For instance we have 



*^-(a,a,72) = (a^72) = (^,72) = 24^ 
^f (a, a, 72) = ^^'(cj + /i, u; + /i, 0) = 



A = 0, 



<-(a,/3,/3i7i) 
*r(a,A/3i7i)^ 

Analogously we get A^ = - 
and ^10 = —6. 



= (a/3,/3i7i) = (A2a,/?i7i) 



-12, A 



-8, A, 



-3,Ae 



-24^2 
-16-6 

-3,^7 



=^ ^ = 4. 

-20, ^8 = -12, Ag 
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More constants from pairings. Once we know the coefficients Ai, . . . ,Aiq, we may get 
some relations between the coefficients Bi, . . . ,B^ and C by working out the pairings of the 
elements of the basis Bqh written in terms of those of Bh- The only pairings in which the 
coefficients Bi, . . . ,B^ and C are going to appear are those between elements whose degrees 
add up to 65' — 6 + 4d, d>2, i.e. {Pj,f3j), (7^,/?^), (7^,70) and (7^,7^). The relations in 
QH*{M^)i imply that 7^ = and ^^^^ - 64) = 0, so {[3i,h) = {PW)m^ = {Q^1^)m^ = 
64 • 24, (72, /32) = 64 • 24, (7^,70) = and (72,7^) = 0. So we get 

64 • 24 = (/37, /37) = (/?i7i - 2O7 - I2ai(5i + B^a, /3i7i - 2O7 - 12ai/?i + B^a) = 

= 253(ai/3i7i)M. + (-2O7 - 12ai/3i, -2O7 - 12ai/3i) = -24 • 2B3 + 24 • 112, 

and hence B^ = 24. From the other pairings we obtain the equations B2 + B/^ — B^ = —24, 
Bi + |i?4 = —32 and C = 8i?5, respectively. No more information can be extracted from 
the intersection pairing. 

To finish we only need to find 

\ 24i?2 = ^2'Ana,7,Pt) 

This correspond to the computation of two particular Gromov-Witten invariants of degree 
two, task that will be carried out in section 5. The answer is given in equations (7) and (8). 
We get Bi =0, B2 = -1 and then B5 = -1, B4 = -24 and C = -8. 

Non-invariant part. We recall that the decompositions (2) and (3) correspond since every 
piece is the isogeneous piece corresponding to an irreducible representation of Sp{2g,Z). 
First we shall deal with the piece corresponding to H^. A vector basis given by the usual 
cohomology is Bh = {qi,ipiai,ipi(3i,ipi^i\l < i < 6} and the basis given by the quantum 
cohomology is Bqh = {qi,^^p^a,^piP,^pi^\l < i < 6}. We must have 



i^^ 


= V'. 


^,a 


= i'tOii 


V'./? 


= '4),l3i + AiV'^ 


V'^T 


= V'»7i + ^2^*01 



for 1 < i < 6 and constants ^1, A2. We may compute these constants as above. First we 
need the intersection pairings 

(V'l U ipAOtz)Mj: = -4, (^1 U V'4ai/?i)Ms = 4, (V'l U V'47i)me = -4. 

The restriction of the cohomology classes involved to N are as follows 

ip, = -4>,h 

tptai = —4:(j)iLoh — (pih'^ 

V'i7i = 24'iUjh^ = -8(j)iiAj^h'^ 
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And the Gromov-Witten invariants of A^ that we need are 

[ 0, 6 < 5 

for z, = uj''^h^^ eH*{N), 1 < i < 3, < a, < 3, < 6, < 2, a = ai + 03 + 03, 6 = 6i + ^^2 + &3 
and a + b = 7. Then we get 

Analogously A2 = —4. 

Regarding to the piece corresponding to the representation AqH^, we know from the 
proof of [5, lemma 14] that tpiipj = ipiU ipj, for any 1 < i, j < 6. We have thus proven the 
following 

Theorem 7. For the Rieniann surface S of genus g = 3, the isomorphism H*{M^) ^ 
QH*{M^) is given hy 

'a = 0L2 

a(3 = ai(3i + 4a 

/?' = /?2 + 16/3 -802 

07 = ai7i — 3/3 — 3a2 — 1 

(3-/ = /3i7i - 2O7 - 12ai/3i + 24a 

7' = 72 + 87iai-6/32 - 24a2-/3 - 8 

ip^a = tpiOii, 1 < i <6 

i>^f3 = V»/3i - ^'4>^, 1 < i < 6 

^j7 = V'j7i - 4V'jai, 1 < i < 6 

, ij.ipj = '^p^U^lJJ, 1 < i,j < 6 

5. Some computations of Gromov-Witten invariants of degree two 

To finish it only remains to compute the following Gromov-Witten invariants of degree 
two: ^^^(/3,/3,pt) and *^^^(a,7,pt). Fix three points Po,Pi,P2eF\ Then ^^^(a,7,pt) 
equals 

#{/ : Pi ^ Msl/ is holomorphic, /JP^] = 2A, f{P,) = pt, /(Pi) G K, /(P2) G ^l, 

and analogously for the other. Fix a generic point pt € M^, corresponding to a bundle -E 
on S. We recall the following result from [2, section 6] (here we suppose that the degree of 
the determinant A = det E is one) . 

Proposition 8. Let U ^ Ti x M^ be the universal bundle. For any holomorphic map 
f :F^ ^ Ms such that /.[P^] = 2A put E = (1 x f)*U ^ S x P^. Denote by p and q the 
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projections ofT, x P^ onto S and P^ respectively. Then one and only one of the following 
two cases hold 

• There is a stable bundle V on T, of rank 2 and degree zero and some x G S such 
that -^ p*V <g) q*0{l) ^ E ^ p*C{x) -^ 0. 

• There is a line bundle L on T, of degree zero such that -^ p*L q*0{2) ^ E ^ 
p*L-^ (g) A ^ 0. 

Proposition 9. Let 

n = {f : F^ ^ M^\f is holomorphic, f^F^] = 2A,pt G /(P')}. 

endowed with the action of PGL(2,C) given by reparanietrization of P^. Then TZ is a 
principal fibre bundle PGL(2, C) ^ TZ ^ P(£'). So TZ is smooth, it has dimension dime TZ = 
5 and ¥{E) parametrizes "non-parametrized" P^ -^ M^ representing the homology class 2A 
and passing through pt. 

Proof. The second case of proposition 8 corresponds to the maps / : P^ ^ M^ whose image 
lies in the subspace of bundles defined by N described in section 4, which is of dimension 
5. Therefore for a generic point, pt ^ N and hence any / G 7^ is in the first case of 
proposition 8. 

Now let / G 7^ and put E = (1 x f)*U. There exists a stable bundle y on S of rank 2 
and degree zero and some a; G S such that 

(4) 0^p*y®g*O(l) ^E^p*C(a;) ^0. 

Let P G P^ with f{P) = pt, then restricting to S x {P] we get that Q ^ V ^ E ^ 
C(a;) -^ 0. So the possible V appearing for / G 7?. are given by quotients of E onto a 
skyscraper sheaf supported on a single point of S. This corresponds to the 2-dimensional 
space parametrized by P(E'). 

Moreover the exact sequence (4) is an elementary transformation which can be reversed 
as 

(5) ^ E ^ p*(y ® 0{x)) ® q*0{l) -^ p*{C{x) (g) 0{x)) (g) q*0{2) -^ 0. 

So the possible bundles E over S x P^ appearing in an exact sequence (4) are parametrized 
by epimorphisms p*{V 0{x)) q*0{l) -^ p*{C{x) 0{x)) (g) q*0{2), i.e. (restricting to 
{x} X P^ C S X P"^) by maps 0(1) © 0{1) -^ 0{2), or equivalently, by two linear forms in 
H°{¥^,0{1)) with no common zero. Now note that PGL(2,C) acts freely and transitively 
on these elements, so the possible diagrams (5) with V fixed are parametrized by PGL(2, C). 
The statement now follows easily. D 

The image of 7^ in Ms, {/(P)|/ G 7^,P G P^}, is described as follows. Put R = 
TZ XpGL(2,c) IP^) SO there is a fibration ¥^ ^ R ^> P(£') and a natural map R — > M^ whose 
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image is {f{P)\f £ TZ,P G ¥^}. Now R is smooth, compact and of dimension 3. Let us 
denote an, (5r and ^r for the pull-back of a, j3 and 7 from M^, to R, respectively. We have 
the following 

Lemma 10. Let f G H^{F{E)) denote the class of the fibre ofF{E) -^ S. Then (7^^, [R]) = 
-12 and PbJ[¥^] = -f, where P^ is the fibre of R ^ ¥{E). 

Proof. The cohomology ring of F{E) is H*{F{E)) = H*{T.)[h]/{h^ - Ah), where h is the 
hyperplane class of P(-E), since Ci{E) = A. Now we construct the universal bundle V 
parametrizing the bundles V which are quotients of E onto a skyscraper sheaf supported 
at one point of S. We have an exact sequence 

^ V ^ 7r*S ® Cp(ij)(-1) ^ Oa ^ 

on S X F{E), where tti : S x F{E) ^ S is the projection and A C S x S is the diagonal 
divisor (we omit some pull-backs when there is no danger of confussion). The total Chern 
class of V is 

c(V) = (1 - A)(l + 7r*A -2h) = l + (7r*A - 2/i - A) + (2/i - 7r*A)A 

Let us construct the space R. The fibre of 7^ ^ ¥(E) over V is given by the isomorphism 
Hom(F (g) 0{x),C{x) 0{x)) ^ H°{¥\0{1)). The action of PGL(2,C) is trivial on the 
first space and standard on the second. So fibre oi R ^ F{E) over V is P(Hom(y, C(x))^) = 
¥{Vx), where V^ is the fibre of V at x. Thus 

(6) i? = P(7r,(VU)), 

for vr : S X ¥{E) -^ ¥{E). The Chern character of 7r»(V| ) is by Riemann-Roch 



ch(7r,(V|^)) = ch (7r,(V|^)) =^, (ch(Vl^)Toddrs 



= TT, ('(2A + «A -2h- 2A)A - -(7r*A - 2h)A^){l - -K) 
= 2 + A + K-2h 

on ¥{E), where K is the canonical class of E and using that vr^A^ = —K. We deduce 
that the cohomology ring of R is H*{R) = H* (F{E))[k]/ (k"^ = Cik — C2), where k is the 
hyperplane class of (6) and 

ci = A + K -2h 
C2 = -2hK 

The universal bundle over S x i? is given by 

O^£^V0 0(A)0h(-1) ^Oa0 0(A) ^ 0, 
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from where we get that Ci{£) = 7r*A - 2h - 2k and C2{£) = {2h - 7r*A + A;) A + 2hK + kK. 
Let Qs be the associated S'0(3)-bundle to £. We have 

PiiQs) = 4c2(^) - c,{£f = 4A(2/i + k- <A). 

Then ^r : H^(T,) -^ H^-*{R) is fiR{z) = -jPiiQ£)/z, so that 

Or = 2^ir{T.) = 2K-Ah-2k 

(3r = -4:Hr{x) = 

-(8/1 + k)fjR = -2 Ell ^lR{%)^iR{l3+^) = -6{2h + kff = -12hkf 

where / € H^{R) is the class of the fibre of i? -^ S. Therefore {'Jr, [R]) = — 12 and 
/3^/[pi] = -/ where / G H^{F{E)) is the class of the fibre of F{E) ^ S. D 

Now we may finish our computation. We have 

(7) ^^l" («,7,Pt) = a[2A]{jR, [R]) = -24, 

since any line in TZ cuts Va in a[2^] points. Also (3r/\F^] G H'^{¥{E)) is cohomology class 
dual to the subset of "non-parametrized" P^ — > M^ (representing 2A and passing through 
pt) which lie in (a cycle Poincare-dual to) Pr. Therefore 

(8) ^riiP,P,Pt) = UPbA^']) U iPR/r]), [FiE)]) = 
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